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Abstract—We consider a natural class of composite finite elements that provide the mth-
order smoothness of the resulting piecewise polynomial function on a triangulated domain
and do not require any information on neighboring elements. It is known that, to provide a
required convergence rate in the finite element method, the “smallest angle condition” must
be often imposed on the triangulation of the initial domain; i.e., the smallest possible values
of the smallest angles of the triangles must be lower bounded. On the other hand, the
negative role of the smallest angle can be weakened (but not eliminated completely) by choosing
appropriate interpolation conditions. As shown earlier, for a large number of methods of
choosing interpolation conditions in the construction of simple (noncomposite) finite elements,
including traditional conditions, the influence of the smallest angle of the triangle on the error
of approximation of derivatives of a function by derivatives of the interpolation polynomial is
essential for a number of derivatives of order 2 and higher for m > 1. In the present paper, a
similar result is proved for some class of composite finite elements.

Keywords: multidimensional interpolation, finite element method, smallest angle condition,
splines on triangulations.

DOI:

INTRODUCTION

Let Q be a domain in the plane R?, and let W' M be the set of functions continuous on 2
together with all their partial derivatives up to order n + 1 such that all their derivatives of order
n+ 1 are bounded in absolute value by the constant M. Let a set of triangles A = {T1,T5,...,Tn}
be a triangulation of the domain €2; i.e., Q = Ui\i 1 T; and any two triangles T; and T} either have
no common points or have a common vertex or a common side. Two triangles sharing a side are
called neighboring triangles.

Consider an arbitrary triangle T' = (a1, a2, as) from the triangulation A. Let T" be a composite
finite element; i.e., let T be divided into k triangles 71, 7a, ..., Tr. We assume that this partition
of T satisfies the following property: for any side [a;,a;] (i,5 € {1,2,3}, @ # j), there exists a
triangle 75 (1 < s < k) with a side coinciding with [a;,a;]. Let, on each of the triangles 7;, a
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52 BAIDAKOVA

polynomial P, ; = P; of total degree at most n be given (i.e., the sum of degrees of each monomial
is at most n). Thus, a piecewise polynomial function St is given on 7.

We will impose the following requirements on St.

C1. Sr interpolates values of a function f and, possibly, of its derivatives along specified
directions at some points of the triangle T', including the vertices and some points on the sides,
and is completely defined by interpolation conditions and the condition of belonging to the class
C™(T) (r > 1), i.e., is given on T locally.

C2. The family of all St forms a function from the class C"(2) (r > 1); i.e., if

= ~ ~ [ Sr(u) for uweT,
S = 7%%ST, where Sp(u) = { 0 for ueQ\T,

then S € C" ().

We adopt the following convention: for any 1; and 2 (they can be functions of some variables
()
or constants), we write ¢; < o if there exists a number C' > 0 independent of the function f and

geometric characteristics of the triangle (we admit a dependence on k and n) such that ¢ % Crbs.

It is known that, for a simple (noncomposite) finite element 7% C R™ (7™ is not necessarily a
triangle or an m-simplex) under sufficiently general constraints on the body 7™ and on conditions
of interpolation of a function f € Wt M, there are upper estimates for the value of approximation
of the function and its derivatives [1], which, for the case of a triangle, take the form

|D*f — D*Py||cirey S MH™ 7% (sina) ™, 0<s<n, (0.1)

where P, is an interpolation polynomial of Lagrange, Hermite, or Birkhoff type of total degree at
most n and « is the smallest angle of the triangle (see also [2-4]). Estimates of type (0.1) are
the reason for introducing a constraint on the triangulation, i.e., for imposing the “smallest angle
condition,” which is the requirement on values of the smallest angles of the triangles to be separated
from zero. There have been successful attempts to weaken the negative influence of the smallest
angle due to an appropriate choice of interpolation conditions (see [5-16]). However, analyzing
these papers, we can observe that, in estimates for derivatives of the second and higher orders (if
we consider the set of all possible directions along which the derivatives are taken), the sine of
the smallest angle in their denominators is absent only in cases when the continuity of the global
piecewise polynomial function is provided on 2 but not its smoothness. This observation can be
proved: in [17], it was shown for a simple (noncomposite) finite element that, for a large number of
methods of choosing local interpolation conditions, including traditional methods, in constructing
a piecewise polynomial function of global smoothness 1 or higher, the negative effect of the smallest
angle of the triangle on the error of approximation of derivatives of a function by derivatives of the
interpolation polynomial is essential for derivatives of order 2 and higher. In the present paper, we
prove a similar result for some natural subclass of composite finite elements described above, which
provide smoothness of the spline S on © without information on neighboring finite elements.

1. FORMULATION OF THE THEOREM AND BASIC NOTATION

Let T' = (aq, az, a3) be a triangular composite finite element divided into triangles 71, 7o, . . ., Tg,
and let St be a spline satisfying conditions C1 and C2. Denote by «, (3, and 6 the values of the
angles of T at the vertices a1, as, and ag, respectively. We assume that 0 < a < 8 < 0. We will also

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 288 Suppl. 1 2015



LOWER ESTIMATES FOR ERROR OF APPROXIMATION S3

use the following notation: H is the diameter of the triangle T'; ;; are the unit vectors directed
from a; to aj; ni (4,5 = 1,2,3; i # j) are the unit normal vectors to the sides [a;, aj]; d;j is
the length of the side [a;, a;]; and D‘glm&s are derivatives of order s along arbitrary unit vectors
&1,...,&. In what follows, the norm is understood as the L,-norm.

Place T in a rectangular coordinate system Ozy (see figure) so that the vertices of T' have the
following coordinates: a3 = (0,0), ag = (b + a,0), and a3 = (b, h), where a,b,h > 0, a < b, and
h < b (the last two inequalities follow from our convention about relations between values of the
angles at the vertices aj, ag, and a3). Obviously, a + b= H.

Let the restrictions of the spline St(u) and its derivative 0.S7(u)/0n;; to every side [a;, a;] of
the triangle be uniquely defined by interpolation conditions given at points of the side [a;, a;]. Note
that, by conditions C1 and C2, the spline Sp«(u) on a triangle T* neighboring T must satisfy the
same conditions. In addition, assume that interpolation conditions at points of the sides of the
triangle 7" are specified so that the following equality holds for every side [a;, a;] of T*

0% (f(u) — Sr(u)) 1 8”“]”(19%) 1
= dn~ 5 iin+1—s t y 1.1
ong; (n+1—=s)!ongoc s Y Wijnti=s () (11)

u€la;,a;)

SZO,...,T', i7j€{17273}7 17&.77

where ¥ € [a;, aj], wijn+1-s(t) is a polynomial of degree n + 1 — s with leading coefficient equal

to 1, and t = |u — a;| /dij € [0,1] (Ju — a;| denotes the distance between the points u and a;).
Equality (1.1) is a formula for the remainder term in the interpolation formula for the function

o°f/ anfj and its interpolation polynomial given on the line segment [a;, a;], which is the restriction

of the spline St to this segment. Since, to prove the theorem, it is sufficient that the function S
belong to the class C!(£2), we can assume without loss of generality that r = 1.

Recall that conditions for constructing the spline S on the triangle 7" include the requirement of
smoothness of the resulting spline S on Q with no information about finite elements neighboring 7.
Usually, in this case, interpolation conditions of the same type are specified for all sides of the
triangle T'; i.e.,

wij,”+1—s(x) = qu,n—&-l—s(x)

p a3 = (ba h)

'S

ai Up = Uy az = (b+a,0)

Figure. A composite element T
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for any ¢, j, p, and g and s =0,1 (or s =0,...,7 if » > 1). This means that

Wignt1-s(t) = (=1 wijni1-s(1 - 2).
Then,
Wi ta(@) =~ (1~ ). (1:2)
Since wjj n+1—s is a polynomial of degree n+1— s with leading coefficient 1, we see that ng;j)l_ s(7)
is a linear function and relation (1.2) implies that
(n—s)
M —r— 1 (1.3)
(n+1-—2s)! 2 '
for any s =0,1 and 4,5 € {1,2,3}, i # j.
Consider the function
. 5 n+1 5 Ml.ny L4
(@, y) =01 m+2 Y (1.4)

where d; and &, are such that f* € WM and 67 + 62 # 0 (a similar function was used in [8] for
n = 5 to prove that the estimates for the error of approximation of derivatives obtained there are
unimprovable). We set

6(1‘,y) = f*(:r,y) - ST(I'?y)a
ei(x7y) = (f*(:c,y) - ST('T)?/)) ’7; = f*(x,y) - Pn,i(x’y)'

Theorem. If conditions C1 and C2 hold for St and relations (1.1) and (1.3) are satisfied,
then, for any s = 2,...,n, there exist ag > 0 and unit vectors &1,...,&s such that the following
estimates hold for any a < ag:

MHn+1fs

1D8, e, (1 = S| 2 — (1.5)

2. PROOF OF THE THEOREM

Recall that there is a finite number k of triangles 7; in the partition of T. Let 7; = <a§i), agi), agi)>
(i = 1,...,k). Then, there exists a nonempty intersection of a “vertical” strip of width H > H
and the triangle T" such that any straight line lying in this strip (and, hence, parallel to the y-axis)
intersects only those sides [ag), agi)] (1 <s,r <3,s#r)of triangles 7; from the set {71, T2, ..., Tk}
for which ‘ag) - ag)‘ 2> H. More exactly, we can consider segments Q) C [a1,a2] and QcC [a1, as]
on the sides [a1, as] and [a1, ag] of the composite element T with the following properties:

1°. |Q] = c(k)H, where |Q] is the length of the segment @ and c(k) is a positive number
depending only on k (i.e., |Q| = H).

2°. Let straight lines p; and ps be parallel to the y-axis and pass through two different points

q1,q2 € Q. Let p; intersect the side [aﬁi),agi)] of some triangle 7; at some point u;. Then, po also

intersects [an), agi)] at some point us.
3°. Every straight line p parallel to the y-axis and passing through any point v € () intersects

the segment C~2 at some point u (obviously, ‘@‘ 2 H).
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The segments ) and CNQ can be represented as follows:

Q={u=ai+tlaa—a1):t€coC[0,1]}, Q={u=ar+t(az—a1):t€5C[0,1]},

where || 2 1 and |o| 2 1.

It is sufficient to consider one straight line from this strip. Take some value ¢ € ¢ and the
corresponding point u; = a1 + t (ag — a1). Draw a straight line p parallel to the y-axis through
the point u;. This line intersects the segment @ at some point u; = aj + f(ag —ay) for the
corresponding t. Thus, we obtain points u; and %; and a function ¢ : ¢ — & such that ¢ = P(t).

Consider all triangles of the composite finite element T" having common points with the line p
(without loss of generality, we can assume that p has empty intersection with the set of all vertices of
triangles that make up the triangulation of T'; we can also assume that the number of the triangles
is k) and enumerate them as follows: 7; is the triangle in which one of the sides intersected by
the line p coincides with [aj,as], T2 is the triangle neighboring 77, ..., and Ty is the triangle
neighboring Tp_1.

We use the following notation for the sides of these triangles: [}, ] is the side of the triangle

71 coinciding with [a1, az], [c1, ¢}] is the common side of the triangles 77 and Tz, ..., [¢F71, A1) is
the common side of the triangles 75_1 and T, and [c¥, c] is the side of the triangle T, coinciding

with [a1,a3]. By conditions 1°-3°, we can assert that the inequality

g —d|z H (2.1)
holds for every j = 1,..., k. Further, let u; be the intersection points of the line p with the segments
[c],c] (7 =0,...,k). In particular, ugp = u¢ and up = .

Let (l'z, yzj ) be the coordinates of the point ¢/, and let the inequalities :c]l < a:% hold for all j.
Denote by 7; the unit vectors directed from c{ to c% Obviously, C{il = c{ or c;‘*l = c; (in what
follows, it does not matter), 79 = ¢12, and 73 = ¢13.

Denote by a; (j = 1,...,k) the angles between the vectors 7;_1 and 7; with regard to the
directions of these vectors: if, after drawing them from the same point, the minimum angle of
rotation from 7;_; to 7; is counterclockwise, then a; > 0; otherwise, a; < 0. Note that

Zaj = a. (2.2)

Consider the functions wjj,+1—% from (1.1).
Lemma 1. Assume thatt =1)(t) and the condition a < b/(2n) holds. Define
(n) e (n—1)
(n+ 1)di3 W13 41 ( t )cosa B ndis Wig p (t) B |y — g
(n+1)! n! tan o

Wh(t) =
Then,
Wa(t)| 2 H. (2.3)

Proof. Since the line p passing through the points ug and uy, is parallel to the y-axis, |ug—ai| =
dlg%v, and |UD — (Il’ = d12t, we have
dlgfcosa = dlgt,
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which yields

F_ o b+a (0% +hH)V? _bta,

~diz cosa (b2 + h2)1/2 b b

Note that | |
Uk — UQ
—_— = — = (b t.
P lup — a1l = (b+ a)
Then, in view of (1.3) and the relations dia = b+ a and dy3cosa = (b2 + h2)1/2 cosa = b, we

obtain

Wa(t) = (n+ 1)b(F - %) b+ a)(t - 1) —(b+a)t

2
b+a 1 1 b na
_(n+1)b( ; t—§>—n(b+a)(t—§)—(b+a)t_—§—|—?.
Thus,
b nb_ b
W) >~ -0 52>
W)l 25 -4, 21~ H O

Lemma 2. Assume thatt =1)(t) and the condition a > b/(2n) holds. Define

Wa(t) = di3 ng,)nﬂ ( f) cosa dio wg’)n_ﬂ (t)
n= (n+1)! (n+1)!

Then,
Wit)] 2 H. (2.4)

Proof. The proof is similar to the proof of Lemma 1:

~ 1 1 b+ a 1 1 a
which implies the estimate |W;(t)| > b/(4n) = H. O
Lemma 3. Let 7 = (cosy,sing). Then, the following equality holds for any function g:

dg 0J0g 1 dg
= = - . 2.
Or OT cosep Oy tan (2:5)

Proof. The proof follows from the relation dg/01 = (0g/0x) cos ¢ + (0g/0x) sin p. O

Let us introduce the notation ‘
J
V=D (2.6)
s=1

where j =1,...,k, and set v = 0.
Lemma 4. The following equality holds:

k—1

sin ay,
Z hos = tana. (2.7)
5—0 COS Yk —s COS Vg—s—1

Proof. Consider the sum of the last two terms:

sin ao sina;  sinag +sinag cos(ag + az)  sinag + (—sinas + sin(2a1 + a2)) /2

COSYp COS7Y|  COS7YL cos(aq + ag) cos a cos(aq + ag) cos
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_ sinag +sin(2a1 + ) 2sin(a; +ag)cosar  sin(ar + ag) (2.8)
~ 2cos(ag +a)cosa;  2cos(ag +ag)cosa;  cos(ag + az) '

Then, setting a* = a1 + a9 and using (2.8), we can represent the sum of the last three terms as

sin g n sin oy n sin o sin ag n sin(a; + a2)

COS7Y3COSY2  COS7Y2COSY1  COS7yp  Cosy3cosvya  cos(ag + ag)

B sin ag sina*  sin(a* +a3)  sin(a; + az + a3)
~ cos(a* +az)cosa*  cosa*  cos(a* +a3) cos(ar +ag+az)
Further, acting by induction, we obtain (2.7). O
Lemma 5. For any function g defined on the triangle T and numbers i = 1,...,k and

s =n—1,n, the following representation holds with |C; ;| < 1:

0%g 0°g  cos®; 0%g  scos® 4, sinay u 0%g
+2_ G

= Cy j—————— sin’ . 2.9
ot 017, cos®vi_1 871.3:11 oy cos® Y1 = T’is:lj oyJ ’ (2.9)

)

Proof. Since 7; = (cos~;,sin~y;) (see (2.6)), taking into account (2.5), we obtain

9 _ (gcos%'-l-gSiH%‘)Sg: <(L L2 %) COS%+£SiH%)SQ

or? oz dy OT;—1 cosvj—1 Oy cosvyi—1 oy
0 COSY; . cosy; . s
= ( _— —(sm'y,- - 5111%_1)) g.
Oti1 cosyi—1 Oy COS Yi—1
Since
. cosy; . . cos(vi-1 + )
smy; — —————— S Y1 = Sln(%_1 + Oéi) - SIN7;—1
COS 7Yi—1 COS 7Yi—1
. . COS7Y;_1COSQy . siny;_1sinq; .
= Sln ;-1 COS ¢x; + cos Yi—1 SN & — L SN Y;—1 + M SIn 7y;—1
COS Y;—1 COS 7Yi—1
. . . . sin2 Yi—1 sin oy
= COS7Y;—1 S &y + tan Yi—1 S 7Y;—1 SIN Gy = SIN Q5 ( COS 7Y;—1 + ) = y
COS7Yi—1 COS7Y;—1
we have
0°g 0  cosv; 0 sinq; \*s
- (oo sy
or; OTi—1cosvyi—1 Oy cosyi—1
Removing the parentheses, we obtain (2.9). O

Let h; be the altitude of the triangle 7; drawn to the side [¢],¢5] (s = ¢ — 1 or ). Since
w(Ti) < p(T) (where p denotes the area of the corresponding triangle) and |¢5 — ¢j| 2 H, we can
assert that h; < h. In particular,

sin ;| < sin v, i=1,...,k. (2.10)
Lemma 6. The following expansion is valid:

8”ek(uk) _ 8"el(u0) COSnOJ + 8”61(11,0)

or oxn ox"—10y

ncos” atan o
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aner(ur) . i1 .
+ D, ,———— sin’ 7 o, sina + 09 M |ug, — ug| cos” a, 2.11
22 gy | =1

where the quantities D, ; satisfy the inequality |D, ;| S'1
Proof. Setting g =ex, i =k, and s = n in (2.9), we obtain the equality

angli(nuk) _ agiﬁl(uk) C(():(S):" Vi . 8"?_(11%) (:os,"*ln’y/rc sin oy, N zn:Dk,j 8”:i§uk) sin .
A ko1 Vr—1 0T~ 0y Cos™ Y1 = or,_{0y?
Let us expand 0"ey(uy)/07]_, and 0"ey(uy)/ (87’,?:11831) by the Lagrange formula of finite incre-
ments at the point ug_1 (recall that the line p passing through uy and ug_q is parallel to the y-axis).
Then,
O"ep(ug)  O"ep(up—1) cos™ 0"ep(up_1) cos" !y sinay
orr ot cos" Yy ooy cos™ Y1

n
Oer(uy) . ontlfx cos™ Yy,
+ ZD’W@E‘)- sin’ ap + s |up — up—1| —————

= T3 Oyl om0y cos™ Vg1
ontlfx | | cos™ !y, sin ay,
n—— U — Up—1
o oy? cos™ Yg_1
Since f* has form (1.4), the last term is zero. Further, since 74,1 = (cos~vg_1,sinyx_1), for-
mula (1.4) implies the equality
8n+1f*

= 9o M cos" vi_1.
37,?,132/ 2M COS™ Vg—1

In view of the smoothness of the function e(z,y) on the triangle T', we obtain

0"ep(ug) _ O"ep_1(ug—1) cos™ Y O"ep_1(up_1) cos™ Ly sinay,
oy o, s " ormloy v
+Z Dex () sin? ay, + Go M |uy, — up_1| cos™
- 1](9 - k k k—1 k-
j=

Taking into account (2.10), we apply (2.9) to the cases g = ex_1, i = k — 1, and s = n and
g=0e,/0y,i=k—1,and s=n—1:

Oer(ur)  O"ep—1(up—1) cos™

one Ty cos™ Yg—2
n Oep—1(up—1) ncos™ sinagy _ sinay
87,?:218y cos™ 1y, o \ COSYE_1C08SYE_2  COSYk COSVk_1
k
0"er(u i _
+ Z Z r,J r T)_ sind 1 o sina + 6o M |ug — up_1| cos™ .
j
r=k—1j=2 a 3y
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As earlier, we expand 0"ej_1(ug—1)/07] 5 and 0"ep_1(ugx—1)/ (87']2‘:2183/) by the Lagrange
formula of finite increments at the point ug_o and use the smoothness of the function e(z,y)
and the fact that 9"*!f*/ (87’,?_28y) = 09 M cos™ v_o. We obtain

Oer(ur)  O"ep—a(up—2) cos™

o) N o, cos™ Yg_o
O"ep_o(ug_2) ncos™ Y ( sin a1 n sin oy, )
O 0y cos" L9 \cosY_1COSYk—2  COSYk COS Y1

P& er(ur) .
+ Z Dr,j% sin oy sina + 0o M (Jug, — up_1| + |up—1 — up_o|) cos™ .
r=k—1j=2 or,._i 0y

Continuing this process, we come to the equality

k—1 .
O"ep(up)  O"er(ug) cos™ vy,  9"ei(ug) ncos™ sin o
or oty cos"yo 91y toy cosn g £ CO8 Yp—s COS Vh—s—1
k n k
o"e,(u i .
+ZZDW# sin ! a, sma—i—égMcosnfykZ\ui — U] .
r=1 j=2 or,_i 0y’ i=1

Taking into account (2.7) and the relations Ele lui — uwi—1| = |ug —wo|, 9/010 = 0/0x, W, = «,
and vp = 0, we come to (2.11). O

Lemma 7. There existr € {1,...,k} and j € {2,...,n} such that

MH
>
2w e (2.12)

’ e, (uy)
om0yl

Proof. Using (1.1), the form of the function f*, and the relation 7, = ¢13 = (cos a, sin ), we

obtain .
8n6k(Uk) 1 877, f* (n) ~
T (D! ot hirgner ()

o}
1

= (5;M cos™ ™ a + d9(n + 1) M cos™ asin dlgw(n) BE
(n + 1>! 13,n+1

(9"61 (’LLO) 1 8"+1f* (n)
oxn (n+1)! Qant! diowiy "H(t)

1
7(5 Md (2
I 12wW12,n41(1);
8”61(11,0) 1 8n+1f* n—1 1 n—1
ox"—10y ol Oxny @ wi?" = 62Md12w§2’” .

Then, (2.11) can be rewritten as

(n) I (n)
Z Z O"er(uy) sinf Y, sin v = 61 M cos™ a 13 “13in+1 ( ! ) cose iz 12+l (t)
== ’]3 "I Oy " (n+1)! (n+1)!

r -1
+ 85 M cos™ L asin (n+ Ddis wg,)nﬂ (t)cosa _ ndyz wgg,n )(t) k= u
2 (n+ D! n! tan o
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= 5§ MWy (t) cos™ a + do MWs(t) cos™ L asina, (2.13)

where W (t) and Ws(t) are defined in Lemmas 1 and 2.
Choosing the values of d; and d2 so that both terms on the right-hand side of (2.13) have
identical signs and applying (2.3) and (2.4), we obtain

13
E g Dy j———= si/ !a,sina| > Hsina,
" or ] oy -
Tr—1 Y

which implies (2.12). Lemma 7 is proved. O

Let us complete the proof of the theorem. Let r and j be such that (2.12) holds. Consider the
triangle 7., and let gg be its center of mass. Since j > 2 and f* has form (1.4), the value on the
left-hand side of (2.12) is constant on 7, and, then,

> MH

~ ’SinJ’1 ozr’

‘ aner(QO)
or' oyl

Note also that the function e, = (f* — St) - considered on 7, is a polynomial.

T

Let the line p; be parallel to the vector 7,_1 and pass through the point ¢gy. Consider the
segment Q1 = p1 N 7. Since p; is parallel to the side [cg_l,cg_l] of the triangle 7, and passes
through its center of mass, we have in view of (2.1) the inequality |Q1| = H. Applying Markov’s
inequality [18, Sect. 3.5] n — j times on the segment @);, we come to the existence of points
Qjs Qj+1s - - - Gn—1 € Q1 satisfying the inequalities

MH8+1

R i T s=1,...,n—7j. (2.14)

‘ anise"" (qn_s)
o, oyl

Consider (2.14) for s = n — j. Let the line py pass through the point ¢; parallel to the y-axis.
Consider the segment Q2 = p2 N 7,. In view of the position of the point ¢; (g; € Q1, where @ is
the segment passing through the center of mass of 7, parallel to the side [¢] !, ¢5 '], for which (2.1)
holds), we can assert that

‘QQ‘ 2 h'l‘7

where h, is the smallest altitude of the triangle 7, (in view of the definition of the sign “>” and (2.1),

we can assume that h, is the altitude drawn to [¢] ', 5™ *]). Applying Markov’s inequality j — 2

times on the segment ()2, we come to the existence of points ¢2,¢3,...,qj—1 € (2 such that
0% MH"+1—s
rlas)| > M . §=2,...,]. (2.15)
oy® ‘sms Oz,«}

Combining (2.14), (2.15), and (2.10), we obtain (1.5). The theorem is proved. O

Remark. Condition (1.3) in the formulation of the theorem can be replaced by more illustrative
condition (1.2) or more general conditions (2.3) and (2.4).

Proof. It was shown above that (1.3) is a consequence of (1.2). On the other hand, condi-
tion (1.3) was used only for the proof of (2.3) and (2.4). O
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