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Abstract—On the set %, of trigonometric polynomials of degree n > 1 with complex coeffi-
cients, we consider the Szegd operator Dy defined by the relation Dy f,,(t) = cos@ D* f,,(t) —
SinﬁDa]?n(t) for a,0 € R, where « > 0. Here, D*f,, and Do‘fn are the Weyl fractional
derivatives of (real) order « of the polynomial f,, and of its conjugate fn In particular, we prove
that, if & > n In2n, then, for any 6 € R, the sharp inequality || cos§ D*f,, — sin@Daﬁ,HLp <
n®|| fnl|z, holds on the set .%, in the spaces L, for all p > 0. For classical derivatives (of integer
order v > 1), this inequality was obtained by Szegd in the uniform norm (p = co) in 1928 and
by Zygmund for 1 < p < oo in 1931-1935. For fractional derivatives of (real) order oz > 1 and
1 < p < oo, the inequality was proved by Kozko in 1998.

Keywords: trigonometric polynomial, Weyl fractional derivative, Bernstein inequality, Szeg6
inequality.
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1. HISTORY. AUXILIARY STATEMENTS

1.1. Notation. Let %, = .%,(P) be the set of trigonometric polynomials

fn(t) = % —i—Z(ak cos kt + by sin kt) (1.1)
k=1

of degree n > 1 with coefficients from the field of real numbers P = R or from the field of complex
numbers P = C. The polynomial f,,(t) = > p_q(axsinkt — by cos kt) is called the conjugate of the
polynomial f,.

On the set .%,(C), consider the functional |[f|, = ||f[/z, defined for 0 < p < +oco by the

relations
1 2 1/p
== t)|Pdt
171, (%/m)r ) . 0<p<m,
0

1Flloo = Yim [Ifllp = max{|f(®)|: t € R} = [|fllc.,,
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52 ARESTOV, GLAZYRINA

2m
1
£l = T £l = exp <% / ln!f(t)\dt>-

0

1.2. The Bernstein and Szego inequalities for classical derivatives in the uniform
norm. In the set .%,(C), the following known Bernstein inequality holds:

Ifallcsr < nllfallon., o € Fu(C); (1.2)

all its extremal polynomials have the form
a cos nt + bsinnt, a,be C. (1.3)

Bernstein obtained inequality (1.2) for polynomials with real coefficients [1, Sect. 10]. Note that, in
the original variant [2, Sect. 12] of paper [1], he proved this inequality with the constant n for odd
and even trigonometric polynomials and, as a consequence, with the constant 2n in the class of all
polynomials (1.1) from .%, (R). Bernstein writes in his comments [3, Sect. 3.4] to paper [1] that, soon
after the appearance of [2], E. Landau communicated to him that inequality (1.2) for polynomials
in general form (1.1) (with real coefficients) is an elementary consequence of the inequality for odd
polynomials; the proof was first published in [4, Sect. 10].

In 1914, Riesz [5, Sect. 2; 6, Sect. 2] obtained inequality (1.2) with the best constant n (both
on the set .%,(R) and on the set .%,(C)) with the help of the known interpolation formula for the
derivative of a trigonometric polynomial; in 1928, Szeg6 obtained [7] a more general result, which
will be given in Theorem B below.

As a consequence of (1.2), the following sharp inequality holds for any natural n and r:

£ con < 0" fallcas,  fn € Fal(C). (1.4)

Later, inequalities (1.2) and (1.4) were generalized in different directions. In 1928, Szeg6 proved
the following assertion [7, formulas (1) and (1’)] (see also [8, Vol. 2, Ch. 10, Sect. 3]).

Theorem A. For anyn > 1 and any real 0, the inequality

and, as a consequence, the inequality

V@ + Fr || salsalloe fu € ZalR), L6

hold on the set Fp(R). Inequalities (1.5) and (1.6) are sharp and turn into equalities only for
polynomials (1.3) with coefficients a,b € R.

fr cosf — f;’lsiDQHOO < || frllso, fn € Zn(R), (1.5)

Szegd obtained inequality (1.5) with the help of an interpolation formula that generalizes the
Riesz formula [5,6]. More exactly, Szegd proved the following assertion [7, formula (10)] (see also
the proof in [8, Vol. 2, Ch. 10, Sect. 3]).

Theorem B. Forn > 1 and any real 6, the following formula holds on the set of trigonometric
polynomials %, (C):

2n

fa(t)cos® — i (t)sing = " ppfult +t), ¢ € (—00,00), (1.7)
k=1
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BERNSTEIN-SZEGO INEQUALITY S3

where
2k—1 6 (—1)**! 4+ sin g

tr = tx(0 — = ui(0) = .
k= tel0) = 2n 7T—i_n’ k= i (9) 4n sin?(ty, /2)

Szego proved [7] formula (1.7) on the set ., (R) of real polynomials. Due to linearity, (1.7) also
holds for polynomials f,, € %#,(C) with complex coefficients. The coefficients of (1.7) satisfy [7,
formula (11)] the equality Zzil |ux| = m; therefore, (1.7) implies inequality (1.5) both on the
set .#,(R) and on .%,(C).

1.3. The Bernstein and Szeg6 inequalities for fractional derivatives in the uniform
norm. The Weyl derivative (or the fractional derivative) of real order a > 0 of a polynomial f,,
written in form (1.1) is the polynomial

D f(t) Z kK <ak cos (kt + 7) + by, sin <kt + %)) (1.8)

k_

If a is a positive integer, then the fractional derivative coincides with the classical derivative:

Def, = féa). Denote by BY the best constant in the Bernstein inequality

1D falloo < Billfulloo, — fn € Fu(R), (1.9)

for fractional derivatives on the set .%,(R). Lizorkin [9, Theorem 2] proved that, if & > 1, then
B& = n%; i.e., an analog of inequality (1.4) holds for fractional derivatives of order v > 1. Bang [10],
Geisberg [11] (see [12, Theorem 19.10 and comments to Sect. 19, Subsect. 8]), and Wilmes [13,
Remark 4] studied inequality (1.9) for 0 < o < 1. The best current estimates [13] are

n* < By < ol-apa O0<a<l.
Kozko [14, Corollary 1] extended Theorem A to fractional derivatives (1.8); more exactly, he
proved the following assertion for fractional derivatives.
Theorem C. For anyn > 1, arbitrary real o > 1, and any real 0, the inequality

max
te[0,27]

D° fu(t)cos 0 = D Fu(t)sin ] < n®llfulloss  fu € Fu(R), (1.10)

and, as a consequence, the inequality

NCYSENTAE T PN ) (111)

o0

hold on the set Zp(R).
Let C5(0) and Cg be the best (i.e., the smallest possible) constants in the inequalities

max
t€[0,27]

D® fu(t) o5 — D Fu(t) sinb| < CRO) fullocs  fu € FulR), (1.12)

Vo4 08| <Cilplen fe R (1.13)

oo

Inequality (1.9) is a special case of (1.12); more exactly, BY = C%(0).
The statements of Theorem C mean that, if &« > 1, then CY = C%(0) = n® for any 6 € R.
It is natural to ask the question about conditions on the parameters under which the values C%(9)
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S4 ARESTOV, GLAZYRINA

and CY are equal to n®. The polynomial f,(t) = cosnt shows that Cy > C5(0) > n® for any values
of the parameters. Consequently, the fact that inequality (1.10) or (1.11) does not hold means that
the constant in corresponding inequality (1.12) or (1.13) is greater than n®. The following assertion
was proved by Kozko [14, Theorem 3| for even n; in the general case, this asssertion was proved
in [15, Lemma 3] by a different argument.

Theorem D. Forn >2, 0<a<1, and 0 = —arn/2, the best constant in inequality (1.12)
satisfies the strict inequality C5(6) > n®.

Theorem D implies that, for any n > 2 and 0 < o < 1, inequality (1.11) does not hold; more
exactly, the best constant C¢ in (1.13) has the property C > n®. The exact values of Cg(0) for

0 < a < 1 are known only in particular cases (see references in [15,16]).
To prove the results of Theorem C, Kozko [14, Lemma] constructed for the operator

D fn(t) = D* f(t) cos§ — D f(t) sin 6 (1.14)

a quadrature formula generalizing the quadrature formulas by Riesz [5,6] and Szegd [7]. This
formula has the form

2n—1
o B ok B 7k o Q
Dg fu(t) = kgo pr(a, 0)(=1)7 fr(tr + 1), tr, = " + o + e (1.15)

here,

n—1
(e, 6) = <(—1)";+1 > (04 1) = 26 4 (¢ = 1)) cos (¢t — - —0)
(=1

Fn® = (n—1)® + (~1)* cos <% + 0>> (4n sin? %)—1

in the case 2k + a+ 260/m # 0 (mod 4n) and

n—1
1 o ne
pe(cr, 0) = ”<@§_1 £+ 2)

in the case 2k + a + 20/7 = 0 (mod 4n). For a > 1, the coefficients ux(c, ) of formula (1.15) are
nonnegative and 3 10" px(a, 6) = n.

Formula (1.14) is valid for polynomials f, € .%#,(C) with complex coefficients. Therefore, for
any n > 1, arbitrary real @ > 1, and any real 6, inequality (1.10) actually holds on the set of
polynomials %, (C); in this case, it turns into an equality only for polynomials (1.3).

1.4. The Bernstein and Szeg6 inequalities for fractional derivatives in the classical

integral norms. Kozko’s paper [14, Theorem 1] contains the following assertion.

Theorem E. Suppose that a function ¢ is nondecreasing and convex (downwards) on the
semiaxis [0,00). Then, for any n > 1, arbitrary real « > 1, and any real 0, the following inequality
holds on the set %, (C):

27 2T
/gp (| a0y cos 0 — D*Fo (1) sine] ) it < /@(nayfn(t)|) dt,  fn € Fn(C).
0 0
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BERNSTEIN-SZEGO INEQUALITY S5

This inequality is sharp and turns into an equality for polynomials (1.3). If the function ¢ is
(strictly) increasing on [0,00), then only such polynomials are extremal.

The function p(u) = uP for 1 < p < oo satisfies the conditions of Theorem E; therefore, the
following assertion holds as a special case of the theorem.

Corollary 1. Foralln>1, a>1, 6 €R, and p € [1,00), the inequality
HDafnCOSQ—DaﬁLSiner §no‘||fn||p, fn € F,(C),
and, in particular, the inequalities
ID*full, < n® [ full,,  fu € Fu(C),

|2

pgnanfn”pv fneyn((c)a (1'16)

hold. All three inequalities are sharp and turn into equalities only for polynomials (1.3).

The statements of Theorem E and Corollary 1 for classical derivatives of integer order @ > 1
were established earlier by Zygmund [8, Vol. 2, Ch. 10].

1.5. The Bernstein and Szegé inequalities for classical derivatives in the spaces Ly,
0<p<1. Let ®" = &*(0,00) be the class of functions ¢ defined on (0,00) and representable
in the form ¢(u) = ¥(Inu), where the function ¥ (v) = ¢(e”) is continuous, nondecreasing, and
convex on (—oo,00). The class ®* includes, for example, all nondecreasing convex functions, and
the functions u? for p > 0, Inu, In™ u = max{0,Inu}, and In(1 +wP) for p > 0. Taking into account
the properties of convex functions, we can assert that a function ¢ defined on (0, c0) belongs to
the class T if and only if the function uy’(u) is nondecreasing on (0,00). The class of functions
Pt = d1(0,00) was introduced in [17,18], where the Bernstein inequality and its generalizations
in the spaces L), for p € [0,1) (and more general spaces) were studied. In [19], it was shown that
the use of this class is natural in this research area.

In [15, Lemma 1], another description of the class ®* is given. More exactly, a function ¢
defined on the semiaxis (0,00) belongs to the class ®* if and only if it has a finite or equal to
—oo right-hand limit ¢ = Tl_igrlocp(r) at the point 0 and, under the extension ¢(0) = ¢, the function

#(z) = ¢(|z|) is subharmonic in the complex plane C. The following assertion [18, Corollary 6] was
proved without using any quadrature formulas.

Theorem F. For functions ¢ € ®* and any integer n > 1 and r > 1, the following sharp

tnequality holds:
2

2
/ S0 (0))dt < / o\ @t fn € Fu(C). (1.17)
0

0

Inequality (1.17) turns into an equality for polynomials f,(t) = ae™ ™ +be™ where a,b € C. If the
function up'(u) is strictly increasing on (0,+00), then there are no other extremal polynomials.

Corollary 2. For 0 <p < oo and integer n,r > 1, the inequality

LEO Ny < 07| fallpy fo € Fn(C), (1.18)

holds. This inequality is sharp and turns into an equality only for polynomials (1.3).
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S6 ARESTOV, GLAZYRINA

The functions ¢(u) = Inwu and ¢(u) = u? for 0 < p < oo satisfy the conditions of Theorem F.
Therefore, the statement of Corollary 2 for 0 < p < oo is contained in Theorem F. Inequality (1.18)
for p = oo is Bernstein inequality (1.4). Inequality (1.18) for 1 < p < oo was proved by Zygmund |8,
Vol. 2, Ch. 10]. Thus, there are at least two proofs of (1.18) for 1 < p < oc.

By (1.16), along with inequality (1.18), the (sharp) inequality

Iz, <07l fall,s  fo € FalC), (1.19)

holds for any positive integer n and r and for 1 < p < oco. As shown in [20, Theorems 3 and
5], generally speaking, inequality (1.19), in contrast to (1.18), cannot be extended to the case
0 < p < 1. More exactly, if » > nln2n, then inequality (1.19) holds for all p > 0. For a fixed r, the
best constant in the analog of inequality (1.19) in the space Ly behaves as 4" as n — oo, where
en = n+ o(n). It is seen that the growth of this constant with respect to n is essentially greater
than that of the constant n” in (1.19) for 1 < p < occ.

1.6. The Bernstein—Szeg6 inequality for fractional derivatives in the spaces L,
0<p< 1. ForfeRand a >0, consider the Szegd operator on .7, (C):

D§ fo(t) = cos @ D f,(t) — sin @ D f,,(t)

3

= 2 ke (ak cos (k:t + % + 9) + by, sin <k‘t + % + 9)) (1.20)

In the present paper, we are primarily interested in the inequality

1Dg fall, < CRO)p [ fullp,  fn € Fn(C),

with the smallest possible constant Cf(6), for 0 < p < co. As said above, Kozko [14] proved that,
in the case a > 1,
Cy(0)p =n” (1.21)

forallm>1and 1 <p < 0.

Let us list known order results for the growth of the value C5(0), as n — oo in the case of the
other parameters fixed. Belinsky and Liflyand [21] and Runovski and Schmeisser [22, Theorems 5.3
and 5.4] proved that C5(6), < n® for # € R, p > 0, and a > (1/p — 1)1 = max{0,1/p — 1}.
Belinsky and Liflyand [21] also established that C2(0), < /P~ for 0 < p < 1,0 < a < 1/p — 1,
and a ¢ N and C2(0), < n'/P~'logtPn for 0 < p < 1 and @ = 1/p —1 ¢ N. For a = 0,
Kozko [14, Theorem 5] proved that C9(0), =< n/P~D+ for all p > 0 and Leont’eva [23, Theorem 1]
proved that C2(0)g = 4"n~'/2. In Zygmund’s monograph [8, Vol. 1, Ch. 2, Sect. 12], it was shown
that C%(7/2)s0 =< logn; Taikov [24] found the exact value of CO(7/2)wc.

Let us define a(n) for n > 1 by the relations

a(l) =0; a(n) = ln(nl/rzjn—l))’ n > 2.

In what follows, the condition
a> a(n) (1.22)

plays an important role. We have 1/n < In(n/(n — 1)) < 1/(n — 1). Therefore, condition (1.22)
will hold if the constraint a > nIn(2n) holds, which is clearer (and rather close).
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The following assertion is the main result of the present paper.

Theorem 1. If the order « of a fractional derivative satisfies condition (1.22), then the sharp

inequality
2m 2
/ @ ([P fult) cos0 — D2 Fu(t) sin o] ) dt < / P (n® | fa®)) dt,  fo € Fa(C),  (1.23)
0 0

holds for any function o € ®T and any real 0. This inequality turns into an equality for polynomials
a cosnt +bsinnt, where a,b € C; if the function ug'(u) is strictly increasing on (0, +00), then there
are no other extremal polynomials.

As a special case of Theorem 1, the following assertion is valid.

Theorem 2. If the order « of a fractional derivative satisfies condition (1.22), then the sharp
inequality

HDO‘fn cosf — Df, sin«9Hp < n|| fullps fn € F,(C), (1.24)

holds for 0 < p < oo and arbitrary real 0. Inequality (1.24) turns into an equality for polynomials
acosnt + bsinnt, where a,b € C; there are no other extremal polynomials for 0 < p < oco.

According to Theorem 2, for n > 1, values of the parameter « satisfying condition (1.22), and
any real 0, equality (1.21) also holds in the case 0 < p < 1.
Inequality (1.24) for 6 = 0, i.e., the inequality

1D full, < 0 fullps — fn € Fu(C), (1.25)

is of interest. In accordance with (1.4), this inequality holds for classical derivatives for any positive
integer o, i.e., for & > 1. One might expect that it holds for all real & > 1. However, this fact is not
valid. According to Theorem 2, inequality (1.25) certainly holds under condition (1.22). Computer
calculations allow us to conjecture that inequalities (1.24) and (1.25) hold for real « if and only if
the constraint o > 2(n — 1) holds, which is weaker than (1.22). This conjecture is proved for n = 2
in the last section of the present paper.

2. REDUCTION TO PROBLEMS FOR ALGEBRAIC POLYNOMIALS
ON THE UNIT CIRCLE OF THE COMPLEX PLANE

The formula
fn(t) = e Py, () (2.1)

establishes a one-to-one correspondence between the set .%#,(C) of trigonometric polynomials of
degree n and the set P, of algebraic polynomials of degree 2n (see, for example, [8, Vol. 2,
Ch. 10]). Using this fact, we can rewrite inequality (1.23) for trigonometric polynomials in the
form of the corresponding inequality for algebraic polynomials (on the unit circle of the complex
plane). These inequalities are the subject of our study in this section.

2.1. The operation of Szegdé composition on the set of algebraic polynomials.
Let &, = Z,(C) be the set of algebraic polynomials of degree (at most) n > 1 with complex
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coefficients. On the set &2,, consider the functional ||P,||, = |[Pn||x, defined by the following
relations depending on the value of the parameter p:

1 27 1/p
= (o 1) o<
0

| Polloc = pli)riloo | Pnllp = max{‘Pn (eit)‘ 1t e ]R} ,

2w
. 1 .
1Pallo = lim, ([Pl = exp (% [wlp. (e )\dt).

0

For polynomials
An(z) = Z Ak (Z) 2~ P.(z)=) ak (Z) 2~ (2.2)
the polynomial

(AaP)(2) = 3 e (Z) * (2.3
k=0

is called the Szegd composition of A, and P,. Properties of the Szegd composition can be
found in [26, Sect. 5; 27, Ch. 4], see also [28,29] and references therein. For fixed A,, Szegd
composition (2.3) is a linear operator in &,. The following assertion [25, Theorem 1] is valid for
the Szegb composition of polynomials.

Theorem G. The inequality

2

27
/ (A Po)(€)])dt < / o(1Anllo |Pa(e™))dt (2.4)
0

0

is valid for functions ¢ € ®* and any two polynomials from the set P, for anyn > 1.

Inequality (2.4) for the function p(u) = Inu takes the form

[AnPullo < [|Anllo [[Pallo-

This inequality in a slightly different form was proved earlier in [29, Theorem 7]. For any A,,, this
inequality turns into an equality for polynomials P, (z) = ¢(1 + z)", where ¢ € C.

Let QF, Q- and QL = QY (N Q, be the sets of polynomials A, € £, all of whose n zeros
lie in the unit disk |z| < 1, in the domain |z| > 1, and on the unit circle, respectively. We set
Q, = Q7 JQ,, . By the known Poisson—Jensen formula (see, for example, [26, Sect. 3, Problem 175;
31, Ch. 6, Sect. 4]), we have

HAnHO = ‘)‘n|’ An € QI? HAnHO = |)‘0’7 An € Qq??
[Anllo = [Anl = ol,  An € (2.5)

Denote by the same symbols QF, Q. QL and ©Q, the sets of operators (2.3) generated by
polynomials A, from the corresponding classes.
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The following assertion is a refinement of Theorem G, though it was obtained earlier (see [18,
Theorem 4]).

Theorem H. For anyn > 1, operator A,, € QL and function ¢ € ®T, the following inequality
holds on the set 2,:

27 2T
/ (A Po) ()]t < / olcn [Pu(e®))dt, Py € Py, (2.6)
0 0

n = [[Anllo = [An] = |Xo]-
Inequality (2.6) is sharp and turns into an equality for polynomials

P,(z) = az" + b, a,beC. (2.7)

Under certain conditions on the polynomial A,, and the function ¢, there are no other extremal
polynomials in (2.6) except for (2.7). For fixed A € C and ¢ € R, the polynomial

In(z) = A(ze ™" +1)" = Ae ™ (z + )" =AY 2* (Z) e e (2.8)
k=0
generates by formula (2.3) the operator

n
I,P,(z)=A kZ_O Cl. <Z> e tho k= APn(e_i‘z’z), P, e &,

for which, obviously, any polynomial is extremal in inequality (2.6). For n > 2, we associate with
the polynomial A,, defined in (2.2) the polynomial

n—2
Apo(z) = Z Akt1 <n ; 2) 2 (2.9)
k=0

of degree n — 2. The property
An72 € Qn72 (210)

plays an important role in studying the set of polynomials extremal in inequality (2.6). The
following assertion is contained in [18, Theorem 2].

Theorem 1. If a function ¢ € ® and a polynomial A,, € QL for n > 2 are such that the
function ue' (u) is strictly increasing on (0, +00), the polynomial A, does not have form (2.8), and
condition (2.10) holds, then only polynomials (2.7) are extremal in (2.6).

2.2. Representation of operator (1.20) in the form of Szegbd composition. Let us check
that operator (1.20) can be written in the form of the Szegd composition of algebraic polynomials (of
degree 2n). Along with formula (1.1), a polynomial f,, € %, (C) can be written in the exponential
form

n n n
fu(t) = Z cpett = Z c_pe Rt 4o + Z cpet™t. (2.11)
k=1 k=1

k=—n
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The coefficients of representations (1.1) and (2.11) are related as follows:

ap + b ar — b a
C—k:%, Ck:%v 1<k <n; o=

Note that formula (2.11) can be written in the form

fa(t) =€ Pyp ("),  Palz ch w2t (2.12)

this is exactly formula (2.1).

Let us find an expression for the operator of fractional differentiation and the Szeg6 operator on
trigonometric polynomials f,, € .%,(C) written in exponential form (2.11). For k£ > 1, in accordance
with the definition of a conjugate polynomial, for the functions

ef (t) = e, e (t) = e,

we have
+(t) — 7iezkt — e—m/2ezkt, 6’; (t) — ie_Zkt _ ez7r/26—zkt‘

Based on formula (1.8), we find
(Dae;)(t) — k’a627€mt Daelz( ) — k% —i 5 —zkt

Consequently,

n

n
Folt) = Zc_kem/zeﬂ'kt n Z cpe~ 2kt

k=1 k=1
n
o ) am )
Dafn Z ket C_ke—zkt + Z P Ck@zkt.
k=1

Hence, it is also easy to obtain an expression for Szegd operator (1.20):

n n
D fult) = 3" ke 0T ) e ekt 137 kel (05 ) et (2.13)
k=1 k=1
Polynomial (2.13) has the form D§ f,,(t) = e~ Gy, (e'), where

ng ZC kka zﬂa/2+9) n— k+zc k% z7'ra/2+9) n+k
k=1

The polynomial Gy, is the Szegé composition (see definition (2.3)) of the polynomial

[} « 2 —i(Ta n— = « 2 (o n
& (2) = A%O(2) Zk ( n > (mar/2+6) k+zk (n—fk’)e( /2+0) otk (2.14)
k=1

and the polynomial Py, from (2.12). Then, polynomial (2.12) satisfies the formula
Dg falt) = 7™ (A3, Pan) (); (2.15)
thus, operator (1.20) is represented in the form of Szegé composition of algebraic polynomials.
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Theorem 3. For anyn > 1 and any real o and 0, functions ¢ € ® satisfy the inequality

2T 2
/<p(\Dafn(t)cose—Daﬁ(t)sine‘)dtg/ (A llo [fa(O]) dt,  fu € Fu(C).  (2.16)
0 0

Proof. The inequality

27 2
/so(l(/\é’“npzn)(e”)\)dt < /@(IIASnlo [Pon(e)]) dt, Py € Py, (2.17)
0 0

is valid as a special case Theorem G. By relations (2.15) and (2.1), inequality (2.17) on the set
P of algebraic polynomials of degree 2n coincides with inequality (2.16) on the set .%,(C) of
trigonometric polynomials of degree n. O

2.3. Studying zeros of polynomial (2.14). Let us formulate sufficient conditions under
which all 2n zeros of polynomial (2.14) lie on the unit circle {z € C: |z| = 1} or, equivalently, all
2n zeros of the polynomial

. ‘ n m ‘ ‘
—int A (it o 71(7ra/2+0) —ikt a i(ra/2+6) ikt
e "MAS, (") 1<n+k>k + g < +k>/€6 e

=2 Z <n N k:) “cos(kt + ma /2 + 6) (2.18)

are real.

Lemma 1. Forn >1,
a > a(n), (2.19)

and, for any real 6, all 2n zeros of polynomial (2.14) lie on the unit circle.
To prove Lemma 1, we apply the following assertion by Pdlya [30].
Theorem J. If\,peR, A2+ % >0, and

O<agg<ar <ag<...<ap,

then the trigonometric polynomials
)\(ao +ajcost+---+ay cosnt) — u(al sint +---+an Sinnt), (2.20)

,u(ao + a1 cost—i-"-—i-ancosnt) +>\(alsint—|—~-+ansinnt)

have only real zeros, which interlace.

Proof of Lemma 1. In the case n = 1, the statement of the lemma is obvious.
Let n > 2. The statement of Lemma 1 is equivalent to the fact that all 2n zeros of trigonometric
polynomial (2.18) are real. We have

cos <k‘t + % + 9) = cos (% + 9) cos kt — sin <% + (9) sin kt.
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Consequently, polynomial (2.18) has form (2.20) with the coefficients

2
a =0,  ay= (n fk> ke (2.21)

and the values of the parameters

Azcos(%—i—@), ,uzsin(%—i—H).

Let us check that, under condition (2.19), coefficients (2.21) increase. Obviously, for « > 0 and
n > 1, the relation

a1 (k+1\ (n+k)(n—k)! _(E+1\" (n—k)
ap  \ k n+k+Dln—k-1! \ k (n+k+1)
decreases with respect to k € [1,n — 1]. Therefore, if

[0
an n 1 . In2n

= —>1 lentl = — 2.22

= (n — 1> o > or, equivalently, a > a(n) n(n/(n = 1))’ (2.22)

then coefficients (2.21) increase with respect to k. Thus, under condition (2.22), polynomial (2.18)

satisfies the conditions of Theorem J and, therefore, all its 2n zeros are real (and, in addition, they
all are different). For v = a(n), in view of continuity, the statement of Lemma 1 can be easily
proved by means of, for example, the Hurwitz theorem (see [31, Ch. 4, Sect. 3]). O

2.4. Proof of Theorem 1. First, let us apply the statement of Theorem 3. According
to Lemma 1, under condition (2.19), all 2n zeros of polynomial (2.14) lie on the unit circle; i.e.,
Ag, € Q3. The leading coefficient of polynomial (2.14) is n®e(™/2+%) By formula (2.5), for the
constant in inequality (2.16), the formula [|AS, [0 = n® is valid. Thus, under the conditions of
Theorem 1, inequality (2.16) coincides with inequality (1.23).

Under condition (2.19), polynomial (2.14) satisfies the conditions of Theorem H. Therefore, in-
equality (2.17) turns into an equality for polynomials ¢, 22" +c_,, where c,,c_, € C. Consequently,
inequality (1.23) turns into an equality for polynomials

cne™ 4 c_pe” ™, CnyCp € C, (2.23)

or, equivalently, for polynomials (1.3).
To prove the uniqueness property for polynomials (2.23), we apply Theorem I. For n > 2, by
formula (2.9), the polynomial

= (2n—1)\ _, L /2n—1)\
Ag(nfl)(z) _ Z RS (n L 1) e—z(wa/?-ﬁ-@)zn—k—l + Z R (n o 1) ez(mx/?—i—@)zn-i-k—l (2'24>
k=1 k=1

corresponds to polynomial (2.14); this is polynomial (2.14) corresponding to the degree n — 1. It is
easy to understand that the right-hand side of condition (2.19) grows with respect to n. Therefore,
if condition (2.19) holds, then zeros of polynomial (2.24) lie on the unit circle of the complex plane;
ie., Ag(nq) € Qo(p—1). If n =1, then Ag(nil) = 0 and, hence, property (2.10) also holds. Therefore,
if the function ug’(u) is increasing on (0, +00), then, by Theorem I, for all n > 1, there are no
other extremal polynomials in inequality (1.23) except for (2.23). Theorem 1 is proved. O
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3. THE BERNSTEIN-SZEGO INEQUALITY
FOR POLYNOMIALS OF SECOND DEGREE

3.1. Formulation of results. In this section, we study inequalities (1.23) and (1.24) on
the set of trigonometric polynomials of second degree. More exactly, we will give necessary and
sufficient conditions on the parameters a > 0 and 6 under which the quantity C$'(0)g = ||A$]]o is
equal to 2¢. The results of this section are contained in the following two statements.

Lemma 2. Let

d(a,8) = 47%(4% — 4)3 — 108 sin? (”(0‘2_1) + 9), a€(1,2], 0 € [0,m).

For any 6 € (0, ), the equation
d(a,0) =0

has a unique solution o = a2(0) € (1,2); in addition,
d(a,0) <0 for a€[l,a(0)) and d(a,0) >0 for «€ (az(0),2]. (3.1)

For 6 =0,
d(a,0) <0 for ae€(1,2) and d(1,0) =d(2,0) = 0.

Theorem 4. If0 =0, then
C$(0)g =2 for a=1and a>2, C3(0)g > 2% for a€l0,1)U(1,2).
If 6 € (0, ), then

Cs(0)g =2% for a> as(h), C$(0)g > 2% for a€l0,a2(6)).

3.2. Proof of Lemma 2. We divide the proof of the lemma into several steps.

(1) First, consider the case # = 0. In this case,

o _ 4)3 (o —
d(a) = d(a, 0) = (447&4) _ 108 sin? ((21))

The well-known inequality sinx > 2z /7 for x € (0,7/2) implies the estimate

4> _ 4 3
d(a) < q(a) = (40[) —108(a — 1),  ac(1,2).
We have -
q(a) = 21n4<42°‘ 6 x 4%+ 7) — 216(a — 1),
4a
16
" _ 2 aqo el T
¢"(a) = 41n 4(4 (4° — 3) 4a) 216.

It is seen from the latter expression that ¢”(«) is increasing with respect to a € [1,2]. Consequently,
¢ () is (strictly) convex downwards; moreover, ¢’(1) = 0 and ¢’(2) > 0. Hence, the function ¢(«)
is strictly increasing at the point @ = 2 and changes the character of monotonicity on the interval
[1,2] at most once. However, since ¢(1) = ¢(2) = 0, we have d(«) < g(a) < 0 for « € (1,2). Thus,
we have proved the statement of the lemma for § = 0.
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(2) Let 6 € (0,7/2). Let us introduce the notation

gla) =~ h(a,0) = 108sin? (”(0‘2_1) +0) = h(a + %,0).

For a € [1,2—260/7], the function h(«, ) is strictly increasing with respect to 6; therefore, we have

d(a,0) < g(a) — h(a,0) = d(a,0) < 0.

For a € [2—20/7,2], the function g(«) is increasing and h(a, 0) is decreasing with respect to o and

d(2,6) = ¢(2) — h(2,6) = 108 — 108 sin’ (g n 9) > 0.

Consequently, there exists unique o = as(f) € (1,2) with property (3.1). In addition, as(f) €
(2 —20/7,2) in this case.

(3) Let 0 € [n/2,m). In this case, for a € [1,3 — 26/7], the function g(«) is increasing and
h(c, ) is decreasing with respect to «; in addition, g(1) = 0 and h(3 — 260/7,60) = 0. Therefore,
there exists unique a = aa(6) € (1,3 — 26/m) such that d(a, ) < 0, a € [1, a2(0)), d(c,0) > 0, and
a € (az(0),3 —20/m). For a € (3 —20/m,2), we have a + 20/7m — 2 € (1, 2); therefore,

d(a,@):g(a)—h(a—F?—ZO) <g(a—|—2ﬂ—0—2> —h(a+2ﬂ—0—2,0) <0.

Thus, there exists unique av = 2(#) € (1,2) with property (3.1). In addition, ay(f) € (1,3 —26/7)
in this case. The lemma is proved. ]

3.3. Proof of Theorem 4. Consider polynomial (2.14) for n =2 and a > 0:

AZ(Z) _ 2ae—i(7ra/2+6) + 4e—i(7roz/2+9)z + 4ei(7ra/2+9)z3 + Qaei(wa/2+9)z4 = by + b1z + b323 + b4Z4.

The polynomial A§ has the property A§(z) = 2*A$(1/Z). Therefore, either all zeros of A$ lie on
the boundary of the disk B = {z : |2| < 1} or A{ has zeros both in the disk B and in the domain
|z| > 1. If all zeros of A lie on the boundary of B, then C§(0) = 2%; otherwise, C§(6) > 2.

Let us study the number of zeros of A} in the open disk B. According to Theorem (45,2)
from [27], the polynomials A} and

Q(Z) _ 464_ 3@2 _{_azi’) — 4 x Qae—(wa/2+9) +3x 4e—i(7ra/2+9)2 + 4ei(7ra/2+9)z3

have the same number of zeros in the disk B. Therefore, in what follows, we will study the
polynomial ). For computational convenience, we multiply Q) by ei(ma/2+0) /4 and obtain the
polynomial

Q1(z) = 2% + 32 + (2003 — 40 + a1z + ag2?® + a2’

Consider the following three cases.
(1) fa €0,1) or a > 2, then, applying Rouché’s theorem, it is easy to see that Q1(z) has one
zero in B for o € [0,1) and has no zeros in B for a > 2.

(2) Ifa =1, then Qq(2) = 2+ 3z +¢/"29) 23, By Lemma (42,1) from [27], the number of zeros
in the disk B of the polynomial ()1 is the number of zeros in B of the polynomial

Qa(2) = 3(1 + 2z + €'7+20),2),
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However, if z; and 29 are zeros of (), then, by the Viete formulas, 2129 = —e7Um20) and 21 + 29 =
2¢~m+20) " Consequently, if # = 0, then the polynomial Qo has no zeros in B, and, if § € (0, 7),
then ()2 has one zero in the disk B.

(3) It remains to consider the case o € (1,2). To find the number of zeros of Q; in the disk B,
we apply Theorem (43,1) from [27]. If all the determinants

ag 0 0 oo 0 ap ap—1 .. Qp_ke1
al ag 0 ... 0 O an .. Qp_kt2
Af—1 Af—2 af—3 a 0 0 NN Qp,
Ak:Ak(a,a) = - _ _ > k:172737
[79) 0 0 e 0 ag al N ap—1
an_1 an, 0 ... 0 0 @ ... Gap_2o
Ap—k+1 An—k+2 Qp—k4+3 .. @ 0 0 e Cbi(]

are different from 0, then the number of zeros of the polynomial Q1 in the disk B is the number of
sign changes in the sequence 1, Ay, As, As. An elementary computation leads to

A(a,0) =4% -1,  Ag(a,0) = (4 —1)* -9,

As(a, ) =64 — 12 x 16% — 6 x 4% — 64 — 27 x 4% x 2 X cos(ma + 20)

49 — 4)3 —1
— 40 <(4a) — 108 sin’ (W(O‘2) + 9)) .
We have A; > 0 and Ay > 0, while the behavior of the sign of Ajz is completely described in
Lemma 2, which implies the statement of the theorem. O
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